We prove characterizations of Appell polynomials by means of symmetric property. For these polynomials, we establish a simple linear expression in terms of Bernoulli and Euler polynomials. As applications, we give interesting examples. In addition, from our study, we obtain Fourier expansions of Appell polynomials. This result recovers Fourier expansions known for Bernoulli and Euler polynomials and obtains the Fourier expansions for higher order Bernoulli-Euler's one.
Introduction
We give a definition as broad as possible for the so-called sequences of Appell polynomials. This definition is based on the Appell's original work [1] published in 1880.
Let us fix g, ϕ two functions. The function g : C → C is holomorphic at 0, g(0) = 0, g (0) = 0, and ϕ : N → C\{0} an arbitrary function.
Let (P n (x)) n be a sequence of polynomials. We call (P n (x)) n a sequence of Appell polynomials of type (g, ϕ) , if and only if there exists f : C → C holomorphic at 0 such that f (0) = 0 and n≥0 P n (x) t n ϕ(0) · · · ϕ(n) = f (t) e xg(t) .
(1.1)
The ordinary Appell sequence of polynomials corresponds to special type g(t) = t, ϕ(0) = 1 and ϕ(n) = n (n ≥ 1).
In addition, for the above type, we have Bernoulli's polynomials B n (x) corresponding to f B (t) = t/(e t − 1), and Euler's polynomials corresponding to f E (t) = 2/ (e t + 1).
However, for this paper, without loss of generality, we can assume that ϕ(n) = n for n ≥ 1 and ϕ(0) = 1. To see this, we put Q n (x) = P n (x) n! ϕ(0) · · · ϕ (n) and rewrite the relation (1.1) as
In this paper, for a fixed analytic function g, we study the classes of sequences of Appell polynomials (P n (x)) n in (1.1) when they satisfy the symmetric relation
for a real parameter a.
Known characterizations: an overview
We review the known results concerning special cases of ordinary 
We refer to Lehmer's paper [7] for concise details about those approaches. All these approaches can be generalized to any generalized Appell sequences of polynomials. In [8] , the two-iterated Appell polynomials are introduced and the Bernoulli and Euler based Appell polynomials are deduced as their particular cases. In [9] , by combining the Appell and Sheffer polynomials, Sheffer-Appell polynomials are introduced by means of generating function, series definition and determinantal definition. In [10] , characterizations of Bernoulli, Euler and poly-Bernoulli polynomials are given by presenting necessary and sufficient conditions for the Sheffer sequence to satisfy the supplementary formula. Our goal in this paper is to investigate new approach by means a symmetric relation. To our knowledge, this approach has not yet been exploited.
Statement of main results
For this section we consider fixed type (g, ϕ) Appell sequences of polynomials.
Characterization of Appell sequences polynomials of type (g, ϕ)
We state our first main result. 
and denote by
We have V(a) = ∅ ⇐⇒ g is odd, and h is even.
Proof: We have V(a) = ∅ if and only if there is a sequence of Appell polynomials
The relation (2.1) is equivalent to
thus, V(a) = ∅ if and only if f (t)e (a/2)g(t) = f (−t)e −(a/2)g(t) e x(g(t)+g(−t)) (∀x).
Then V(a) = ∅ if and only if g is odd and h is even.
Corollary 2.2. For a = 0, we have the function h(t) = f (t). Then V(0) = ∅ if and only if g is odd and f is even.

Theorem 2.3: Let a = 0 be a real parameter. We have the following characterization for the set V(a) of Appell sequences of polynomials. We have V(a) = ∅ if and only if the functions g and t → (e ag(t) − 1)f (t) are odd.
Proof: Write f + and f − as the even and odd part of f, respectively. Thanks to Theorem 2.1, we explore the parity of the functions h and g. We have
, which is an odd function. Then we have
and
Thus we obtain our desired result.
Application to type g(t) = t
In this section, we fix the type g(t) = t and ϕ(0) = 1, ϕ(n) = n (n ≥ 1). Next, we shall describe the set V(a) explicitly, by truncating the Appell sequences (1.1). Denote by
Theorem 2.4: Let n be a positive integer, and a = 0 a real parameter. We have
which is the subspace spanned by
By symmetric properties of Bernoulli and Euler polynomials, it is easy to see that
To prove the converse we need more preliminaries.
We start to prove the following two theorems. 
Then, we obtain
Proof: If the relation P n (a − x) = (−1) n P n (x) and (1.1) hold, we obtain
and hence we have
If F is odd, then we have
Therefore, we obtain
Thus,
By use of Equations (1.5) and (1.1), we complete the proof of identity (2.4).
Similarly, from Equations (1.4) and (1.1), we prove the identity (2.5) and also get
Fourier expansions for Appell polynomials of type g(t) = t
For 0 < x < 1 if n = 1, and 0 ≤ x ≤ 1 if n ≥ 2, it is well known that
Concerning Euler's polynomials, for 0 < x < 1 if n = 0, and 0 ≤ x ≤ 1 if n ≥ 1, we have
(2.8) 
Theorem 2.6: Let a be a nonzero real parameter, and (P n (x)) n be a sequence of Appell polynomials of type (g, ϕ) such that (1.3) holds. Let (a k ) k∈N be a sequence of real numbers such that the function
F : t → f (t) − k a k t k k! is
Then we have
(ii) For F even, 0 < x/a < 1 if n = 1, and 0 ≤ x/a ≤ 1 if n ≥ 2, and write
Then we have
e 2π imx/a m n . (2.11)
New results on Bernoulli and Euler polynomials of higher order
In this section, we give two applications of our results. We obtain new explicit formulas and Fourier series for Bernoulli and Euler polynomials of higher order.
Bernoulli polynomials
We start with two applications. We obtain new characterizations of Bernoulli and Euler polynomials. Note that for
, it is well known that E 0 (0) = 1 and E k (0) = 0 for k = 0 even. Then, we obtain
We get P n (x) = E n (x). It means, in particular, that if the function F : t → f (t) − 1 is odd and P n (1 − x) = (−1) n P n (x), then P n (x) = E n (x). Similarly, one can apply it to Bernoulli polynomials B n (x).
We have the following general formulation. 
Let N be a positive integer. If the function F
Proof: We apply Theorem 2.5 and Equation (2.5), with a = 1 and a k = B k (0). It is well known that B 1 (0) = −1/2 and B k (0) = 0 for k = 0 odd. Then, we obtain
Thus we get P n (x) = B n (x). Then we deduce the theorem. 
Euler polynomials
Proof: Again, we apply Theorem 2.5 and Equation (2.4), with a = 1 and a k = E k (0). It is well known that E 0 (0) = 1 and E k (0) = 0 for k = 0 even. Then, we obtain
Thus we get P n (x) = E n (x). Then we complete the proof of the theorem.
Bernoulli polynomials of order r
Let r be a positive integer. The Bernoulli polynomials and numbers of order r are given by the equations
The function f (t) = (t/r/(e t/r − 1)) r (r ≥ 1) satisfy f (t) e t = f (−t) and the function
is an even function. So, we obtain
We have a new formula for the generalized Bernoulli polynomials B (r)
Thanks to the relations in [11, (1.10) and Corollary 1.8], the coefficients B (r) 2k+1 are given by the formula
where s(n, l) is the Stirling number of the first kind. Therefore, we obtain the formulas. 
We give details for r = 2,3, which give us new explicit formulas for B (2) n (x) and B (3) n (x).
and then for n ≥ 4 we have
Euler polynomials of order r
Let r be a positive integer. The Euler polynomials and numbers of order r are given by the equations
is an odd function. So, we obtain
Then, we get a new formula for E (r) n (x):
On the other hand, it is well known that the numbers E (r) n can be express explicitly in terms of Stirling numbers of first kind and Euler numbers E k := E k (0). Precisely, we have The relation is obvious for r = 1. For r = 2 and n ≥ 2, we obtain
n (x) = 2 n E n (x/2) + 1≤k≤n/2 n 2k 2 n+1−2k E 2k+1 E n−2k (x/r). (3.8)
Fourier expansions for higher Bernoulli-Euler 's polynomials
We apply our main results to get Fourier series for Euler's and Bernoulli's polynomials of higher order r. From our Theorems 3.3 and 3.5, we can obtain the Fourier expansions for the polynomials B 
